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CONTINUOUS VECTOR-VALUED FUNCTIONS OVER A
COMPLETELY REGULAR SPACE AND THEIR DUALS
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A. KATSARAS

ABSTRACT. The strict, superstrict and the fg topologies are defined on
a space A of continuous functions from a completely regular space into a Banach
space E. Properties of these topologies are discussed and the corresponding dual
spaces are identified with certain spaces of operator-valued measures. In case E
is a Banach lattice, 4 becomes a lattice under the pointwise ordering and the
strict and superstrict duals of A coincide with the spaces of all r-additive and all
o-additive functionals on A respectively.

Introduction. The Riesz representation theorem says that any continuous
linear functional F on the space of continuous real functions on a compact Haus-
dorff space X with the uniform topology must have the form F(f) = [ f dm for
some bounded regular Borel measure on X. This representation was extended
later to other spaces, first in case X is locally compact and later by Aleksandrov
[1] for continuous linear functionals on the space C2(X) of all bounded continu-
ous real functions on a completely regular space. The representation was given by
means of integrals with respect to members of the space M(X) of all bounded,
finitely-additive, regular with respect to zero sets, measures on the algebra gener-
ated by the zero sets. The g-additive, r-additive and tight linear functionals corre-
spond to the g-additive, r-additive and tight members of M(X) respectively (see
Varadarajan [24]). Buck [4], for the locally compact case, and Sentilles [23],
for the completely regular case, have defined the strict topologies on C®(X) which
yield as dual spaces certain subspaces of M(X). Several others like Hewitt [10],
Bogdanowich [2], Wells [25], the author [12] and others have considered the
problem of representation of linear functionals on spaces of continuous scalar-
valued or vector-valued functions. In this paper we define certain locally convex
topologies on spaces of continuous vector-valued functions on a completely regu-
lar space. We study some of the properties of these topologies and represent their
duals with operator-valued measures on certain o-algebras of subsets of X. The
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integration process employed is a generalization of the process of Aleksandrov to
the vector case. It is one of the many integration processes defined by McShane
[17].

1. Definition and notation. Throughout this paper X will denote a com-
pletely regular Hausdorff space and Y will be a Hausdorff compactification of X,
We will denote by B the algebra of continuous real-valued functions f on X which
have continuous extensions f to all of Y. Let F be a Banach space over the real
field. We will denote by A the space of all continuous functions f from X into E
which have continuous extensions f toallof Y. Let C={ f fEAY. IffeAd
and g € B, the function gf is defined on X by (gf)(x) = g(x)f(x). Fors € E we
will denote also by s the element of 4 whose value at every x is equal to s.

We will consider on A various locally convex topologies.

(a) The uniform topology ¢ generated by the norm

F= Il = sup {llf/x)Il: x € X}.

(b) The topology k generated by the family seminorms pg, K compact in
X, where
p(N) = Ifllx = sup{llfE)II: x €K}.

(c) The topology = generated by the family of seminorms P,, x € X, where

P, (N = IIfE) .

Clearly all topologies =, k, o are Hausdorff and # < k < 0. Finally, if 7 is
a linear topology on 4, then (4, )’ denotes the topological dual of (4, 7).

2. The strict and superstrict topologies on A. Buck [4] defined the strict
topology on the space of bounded continuous functions on a locally compact
Hausdorff space. This topology has been studied later by several other authors.
Recently Sentilles [23] defined the strict and superstrict topologies on the family
of all bounded, continuous, real-valued functions on a completely regular Haus-
dorff space. In this section we will define the strict and superstrict topologies on
the space A defined in §1. Our approach will be analogous to that of Sentilles.
Several of our theorems will be generalizations of his results.

A subset Z of Y is called a zero set if Z = f‘l {0} for some continuous real
function f on Y. We will denote by £ (£2,) the class of all closed (zero) subsets
of Y which are disjoint from X. For a Q in §, let BQ ={fEB: f =0 on Q}.
It is not hard to see that B, is a Banach algebra (under the uniform norm) with
an approximate identy of norm < 1.

Let Q € Q. We will denote by Bo the locally convex topology on 4 gen-
erated by the family of seminorms f — ||gfll, g € B,. The space (4, o) is a
Banach space and a BQ-module since gf € A for every g € BQ and every f € A.
The topology B, is the strict topology on A as defined by Sentilles [20]. Hence
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Bg is the finest locally convex topology on 4 which agrees with Bg on norm
bounded subsets of 4 by Sentilles [21, Theorem 2.2]. A convex balanced absor-
bent set Win 4 is a BQ-neighborhood of zero iff given r > 0 there exists a Bo-
neighborhood ¥ of zero such that U, N V' C W, where U, = {f€ A :||fI| <r}.
The strict topology 8 = f(A4) on A is defined to be the inductive limit of
the topologies B, @ € Q. The superstrict topology B, is the inductive limit of
the topologies §,, Z € ;. By definition of the inductive limit topology (see
Schaefer [19, p. 57]), a convex balanced absorbent subset W of A isa § (8,)
neighborhood of zero iff W is a fy-neighborhood of zero for each Q€EQ (Q € Q).

THEOREM 2.1. k<B<p;, <o.

ProoF. It is clear that § < B, <o. To prove that k <f consider an arbi-
trary compact set K in X. We want to show that the set W = {f€A4:||f||y <1}
is a B-neighborhood of zero. Since W is convex balanced and absorbent it suffices
to show that Wis a BQ-neighborhood of zero for every Q in Q. So, let Q € Q.
Since K is compact, there exists g € B such that g=1on K andg =0 on Q.
Then g GBQ and V={fEA:|lgfll<1} CW. Since Visa ﬁQ-neighborhood
of zero the result follows.

Since, for each Q € Q, B, is the finest locally convex topology on 4 which
agrees with Bo on norm bounded subsets of 4, it follows that § (8,) is the finest
locally convex topology 7 on A which agrees with § (8;) on norm bounded sets.

LEMMA 2.2. Let wbe a locally convex topology on A such that n <7< 0
and such that (A, ) = H is a norm closed subspace of A' = (A, o). Then 7 and
o have the same bounded sets.

Proor. Every o-bounded set is obviously 7-bounded. On the other hand,
suppose that G is a 7-bounded subset of A. Then G is a(4, H) bounded. By our
hypothesis H is a Banach space under the norm

¢ — ol =sup{i¢(N: FEA, IIfll <1}

Each f € A defines a bounded linear functional T, on H by T((¢) = o(f). Since
G is 0(4, H) bounded, we have sup{ITf(qS)I :fEG} <ooforeach ¢ €H By

the principle of uniform boundedness there exists K > 0 such that sup {|| T, |l:
fEG} <K. Letnow fE€G and x € X, By the Hahn-Banach theorem there is a
Tin E',||ITI <1, T(f(x)) = | fx)|l. Define m, :4 — R, m(g) = T(g(x)). Then
m, is in H since m, € (4, m)’ C H. Moreover |7, | < 1. Thus [|f() Il = m (f) =
Ti(m) <K It follows that sup {||f]l :f € G} < K which completes the proof.

THEOREM 2.3. Let 7 be as in Lemma 2.2. The following are equivalent:
1) r=o0.
(2) 7 is normable.
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(3) 7 is metrizable.
(4) 1 is bornological.
(5) T is barrelled.

ProOF. It is clear that (1) implies (2), (2) implies (3), and (3) implies (4).
To prove that (4) implies (5), we first observe that the set U; = {f €A :||fI| < 1}
is convex balanced and absorbs every norm (and hence every 7) bounded set. By
(4) U, is a T-neighborhood of zero. It follows that 7 = 0. Since (4, o) is a
Banach space, (5) follows. Finally to prove that (5) implies (1) we observe that
the set U, is m-closed and hence 7-closed. Since U, is also convex balanced and
absorbent it follows that U, is a 7-neighborhood of zero and hence 7 = o.

THEOREM 2.4. The duals of the spaces (A, B) and (A, 8,) are norm closed
subspaces of the dual of (4, o).

ProoF. Let {T,} be a sequence in (4, B). T € A’, such that | T,, - T||
— 0. Let W={fE€A:IT()| < 1}. We need to show that W is a f-neighbor-
hood of zero. Since W is convex balanced and absorbent it suffices to show that
given r > 0 there exists a f-neighborhood V of zero such that V¥ N {f € A:|Ifll <
r} CW. So,let r>0. Choose n so that |T, —TI|<1/(2r). Let V={f€A:
IT,(f)I <%}. Then V is a f-neighborhood of zero and V¥ N {f €A :|Ifl| <r}
C W. This proves the result for 8. The proof for 8, is similar.

COROLLARY 2.5. (a) Theorem 2.3 holds for T = § or §,.
(b) B, B, and o have the same bounded sets.

THEOREM 2.6. The topologies 8 and o coincide iff X is compact.

Proor. Clearly 8 = ¢ when X is compact. On the other hand assume that
X is not compact. Then Y #X. Letx € Y - X, Q = {x}. LetgeBQ and set
V={f€A:|gfll <1}. Choose sE€E, |Is]l=2 and set F={y E Y: Ig(y)l
=1}, There exists # € B, 0 < h < 1, such that h=0onFand h(x) = 1. Then
the function f=hsisin Vbut not in U; = {f €A :|Ifll <1}. Hence U, does
not contain V. It follows that U, is not a BQ-neighborhood of zero and hence
B #o.

3. The topology . Let F be a collection of compact subsets of X satis-
fying the following two conditions:

1) UF=x

(2) Fis directed, i.e. given G,, G, in F there exists G in F containing both
G, and G,. We denote by 7 the locally convex topology on A generated by the
family of seminorms {|| + |l : G € F}, where || flig = sup{llfG) [l : x € G}. The
topology Bz = Br(4) is defined to be the mixed topology [0, 7¢] as defined by
Wiweger [26]. By Wiweger we have 7, < fz < 0 and that f is the finest locally
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convex topology on 4 which agrees with 7 on each norm bounded subset of 4
(see Wiweger [26, 2.2.2.]).

LemMA 3.1. Let Gy, ...,G, bein F,e>0and fin A. Then there exist
& hin Asuch that f=g+h, h=0o0neach G, and |Igll <€+ max{llfllGiz
1<i<n}.

ProoF. Let G=UG,andsetd =€+ |Ifll;g. ThenGC V={xEY:
| f ) <dl. Smce G is compact and ¥ open there exists hy € B, 0 <h, <1,
h =1 on G, h0 =0onY-V. Setg=fhyand h =f(1 —hy). Thengandh
satisfy the requirements.

COROLLARY 3.2. The sets of the form N2, {f€ A:|fllg , <4}, where
0 <a; — > and G; € F, constitute a f-neighborhood base at zero.

Proor. It follows from the preceding lemma and from Wiweger’s Theorem
3.1.1.

We will next give an alternative description of . Denote by By(F) the
collection of all bounded real-valued functions f on X with the property that given
€ > 0 there exists G in F such that {x € X: |f(x)| = €} C G. We define on 4
the locally convex topology 7(F) generated by the family of seminorms P,, g €
By(F), where

Po(f) = llgfll = sup {lig(x)fG)l: x € X}.

LemMA 3.3. The topologies T(F) and T coincide on each ¢-bounded sub-
set of the space A.

Proor. Letr>0andset U, ={f€A:Ilfll <r}. Suppose that Visa
subset of U, which is closed with respect to the relative topology of 7(F) on U,.
We will show that V is closed with respect to the 7 relative topology on U, . In-
deed, let f € U, be in the 7 closure of V. Let g € By(F). Given € > 0 there
exists G in F such that |g(x)| <€/(2) if x isnotin G. Choose & in V with
If=hllg <é€lllgll. Then llg(f— )|l <e. This proves that f is in the 7(F) clo-
sure of ¥ and hence in V. It follows that 7(F)|y, < 7g|v,. On the other hand

< 7(F) because the characteristic function of any set in F belongs to By(F).
We conclude that 7(F)) and 7 agree on U, . The result follows.

THEOREM 3.4. The topologies 7(F) and B coincide.

PROOF. Since f is the finest locally convex topology on 4 which agrees
with 7, on norm bounded subsets of 4, we have 7(F) < 8 by 3.3. On the
other hand, let W = ﬂ“’l{fEA Ifllg; <a;} where 0 <g; — < and G; EF.
Define g = sup; a; xG (xG is the characterlstlc function of G). Theng €
By(F). Moreover, {h G A: Ilgh Il <1} C W. Hence W is a 7(F)-neighborhood of
zero. Now Corollary 3.2 completes the proof.
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THEOREM 3.5. The topology B is weaker than .

PrROOF. Let W be a convex balanced absorbent §4-neighborhood of zero.
Let Q€ Q and r > 0. Since By coincides with 75 on U, there exist G
inFand§ >0suchthat 0 ={f€A4:|fll; <8}NU, CW. ChoosegGBQ,
0<g<l,g=1onG ThenVNU, CW, where V={fE€EA:|lgfll <8}
This proves that W is a BQ-neighborhood of zero for each Q in 2. The theorem
is proved.

We will next identify the space (4, Bz)’. Let L(4) denote the collection
of all linear functionals T in A’ such that T(f,) — 0 whenever {f_} is a net in
U, that converges to zero uniformly on each G € F. We omit the proof of the
following easily established

LEMMA 3.6. L(A) is a norm closed subspace of A'.

LEMMA 3.7. Let ¢ € (4, 0). Then ¢ is in L(A) iff for each € > O there
exist G in F and § > 0 such that |¢(f)| < e forall f€ A with ||fl| <1 and
Ifllg <8.

ProoF. The necessity of this condition is clear. To prove the sufficiency
assume, by way of contradiction, that there exists e >0 such that for each G € F
and each § > 0 there existsf=f(G'6) in 4, with ||fIl <1 and || fllg <8, such
that |¢(f)| > e. For a; = (G,, 8,), &, = (G,, §,) we write a; > «, iff G; D
G, and 6, <§,. In that way we get a net {f,} in U,. Moreover, f, — O uni-
formly on each G € F. Since |¢(f,)| > € for all @ we arrive at a contradiction.

THEOREM 3.8. The topological dual of the space (A, Bg) is the space Lg(A).

PrOOF. Let ¢ € Lp(4). Set W={f€A:|¢(f)| <1}. If r >0, there ex-
ist G € F and & > 0 such that |¢(f)| < 1/r whenever [|fll <1, |Ifllg <&. Let
V={f€A:lfllg <8r}. Then V is a 7p-neighborhood of zero and V' N U, C W.
This shows that W is a 5-neighborhood of zero in view of the fact that f is the
finest locally convex topology on A which agrees with 7, on norm bounded sub-
sets of A. It follows that ¢ is B -continuous. Conversely, assume that ¢ is in
(4, Br) and let € > 0. There exist G in F and § > 0 such that

{fed:lflg <8 n Ul/e C{fed:l¢(Hi<1}.
Thus |¢(f)| <e whenever f € U, and ||fll; <8e. By Lemma 3.7, ¢ € L(A).

COROLLARY 3.9. (a) Br and ¢ have the same bounded sets.
(b) Theorem 2.3 holds if we replace T with .

4. The dual spaces of (4, f), (4, B,), and (4, fz). In this section we will
represent the dual spaces of (4, B), (4, §,) and (4, Br) by means of integrals
with respect to operator-valued measures. We will denote by Bo(X) and Bo(Y)
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the o-algebras of Borel subsets of X and Y respectively.

The g-algebra of Baire subsets of Y will be denoted by Ba(Y), while the
o-algebra, of subsets of X, generated by the B-zero sets will be denoted by Ba(Zp)
(a subset Z of X is called a B-zero set if Z = f~!{0} for some f € B).

Let X be a o-algebra of sets and let T, CZ. A bounded, countably-additive,
real-valued, measure m on Z is called regular with respect to Z, if forevery GEZ
and every € > 0 there exists G, € Z,, contained in G, such that |m(H)| < e for
every H € T which is contained in G - G, .

We denote by M_(B) the space of all bounded, real-valued, countably-addi-
tive, regular with respect to the family of all B-zero sets, measures on Ba(Zp).
The space of all bounded, real-valued countably-additive, regular with respect to
the family of zero sets in Y, measures on Ba(Y) will be denoted by M_(Y). A
regular Borel measure on Bo(X) (Bo(Y)) is a bounded, countably-additive, real-
valued, measure on Bo(X) (Bo(Y)) which is regular with respect to the closed
sets in X(Y). A regular Borel measure m on Bo(X) is called 7-additive if |m|(F,)
—> 0 for each net {F,} of closed sets in X which decreases to the empty set. In
the case of Y, every regular Borel measure is 7-additive (see [23]).

Note. A regular Borel measure m on Bo(X) is 7-additive iff Im|(Z,) — O
for every net {Z,} of B-zero sets which decreases to the empty set. Indeed, as-
sume that the condition is satisfied and let {G,} be a net of closed sets decreas-
ing to the empty set. Since the zero sets in Y form a base for the closed sets, it
follows that the family of B-zero sets forms a base for the closed sets in X. Thus
each G, is an intersection of B-zero sets. Let

D ={Z C X:Z a B-zero set, Z D G, for some a}.

Then D is directed (by inclusion) downwards to the empty set. By hypothesis,
given € > 0, there exists Z € D with |m|(2) <e. Let o be such that G, o CZ.
Now for each a > o we have [m|(G,) < |m|(Z) < e which proves that
Im|(G,) — O.

We will denote by M, (X) and M_(Y), respectively, the spaces of all 7-addi-
tive regular Borel measures on X and Y.

Let M_(Ba(Zg), E") denote the set of all functions m:Ba(Zg) — E " with
the following two properties:

(1) For each s € E, the function ms: Ba(Zg) — R, (ms)(F) = m(F)s, is
in M (B).

(2) Iml(X) <o, where |m| is defined on Ba(Zg) by |m|(G) =
sup | Zm(F})s;|, the supremum being taken over all finite partitions {F;} of G
into sets in Ba(Zz) (we will refer to such a partition as a Ba(Zp)-partition) and
all finite collections {s;} C E with |Is;|| < 1. We define M,(Bo(X), £") as we did
M,(Ba(Zp), E") by replacing Ba(Zg) with Bo(X) and M_(B) with M,(X). The
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spaces M, (Ba(Y), E") and M,(Bo(Y), E") are defined analogously. For m in any
one of the above spaces, we define its norm [|m/|| by llmll = |m|(X) or |m|(Y)
(depending on the o-algebra on which m is defined).

THEOREM 4.1. If m € M (Ba(Zp), E"), then |m| € My(B).

PrROOF. It is easy to see that |m| is a bounded, monotone, finitely-additive,
set function on Ba(Zg). To prove the regularity, consider a G € Ba(Zg) and let
€ > 0 be given. By the definition of |m|(G), there exist a finite Ba(Zp)-partition
{F;} of G and s; € E, with |Is;ll <1, such that Tm(F;)s; > |Im|(G) — €. By the
regularity of each ms;, there are B-zero sets Z; C F; such that Zm(Z))s; > Im|(G)
— €. The B-zero set Z = UZ,- is contained in G. Moreover, |m|(Z) = Zm(Z))s;
> |m|(G) — € which proves the regularity of |m|.

To finish the proof it remains to show that |m| is countably-additive. To
this end, consider a sequence {F;} of disjoint members of Ba(Zp) and let G =
U,.F,. Since |m| is monotone and finitely-additive, we have

ImI(G) > Iml ( iL—{ Fi> - gl ImI(F)

for all n and hence [m|(G) = =3, Im|(F;). On the other hand, let € > 0 be given.
There exist a Ba(Zp)-partition G,, . . . , Gy of G, and 5; € E, with |Is;[| <1, such
that ¥ m(G,)s; > Im|(G) — €. For each i we have m(G))s; = Zy=, m(G; N F,)s;.
Moreover,

> Z Im(G; N F,)s;1 < 3 ImI(F,) < Im|(G).

n=1 i=1 n=1
Hence

N oo
|m|(G) — e<z m(G))s; = Z Zl m(G; N F,)s;

m(G; N F,)s,; < 2 Im|(F,) < Im|(G).

I
Ms 0
’ﬁ[v]z

1
Since € > 0 was arbitrary, we conclude that |m|(G) = Z -, Im|(F,). This com-
pletes the proof.

THEOREM 4.2. If m € M (Bo(X), E"), then |m| € M (X).

S
1l

Proor. Using an argument similar to that of Theorem 4.1, we show that
[m| is a regular Borel measure on Bo(X). It remains to show that |m| is T-additive.
By the note at the beginning of §4, it suffices to show that |m|(Z,) — O for
each net {Z_} of B-zero sets which decreases to the empty set. So, let {Z } be
such a net. For each a there exists a zero setZ in Y such that Z, = Z NX
Define m : Bo(Y) — E' by m(F) = m(F N X). For each s € E, the function
ms : Bo(Y) — R, (ms)(F) = (ms)(F N X) is in M,(Y) since ms is 7-additive. It
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now follows easily that m € M_(Bo(Y), E") and that |m|(F) = Im|(F N X) for
each Borel set F in Y. Let D denote the collection of all subsets Z of Y which
are intersections of a finite number of Z s. Then D is directed downwards to
G = ﬂz Hence |m|(G) = limycp, Im|(2). Smce GNX= ,@ we have |m|(G)
= 0. Therefore, given € > 0 there exists a Z = Z ﬂ e N Z m D such that
[m|(Z) < e. Now, if a > =a,...,0q,then

Iml(Zy) < Iml(Zy, O =+ N 2, ) = liml(Z) <.

This proves that lim |m|(Z,) = 0 and the proof is complete.

We have analogous theorems for the elements in the spaces M, (Ba(Y), E")
and M,_(Bo(Y), E").

Next we will define integrals with respect to measures belonging to one of
the spaces defined above. The integration process which we will employ is a gen-
eralization, to the vector case, of the process of Aleksandrov. It is one of the
many integration processes defined by McShane [17].

Let m € M (Ba(Zp), E'), G € Ba(Zy), and f € A. Consider the collection
Dofala={F,,...,F,;x,...,x,} where {F;} is a Ba(Zp) partition of G
and x; € F;. For a;, a, €D we write o; > a, iff the partition of G in a, is a
refinement of the partition of G in @,. Then (D, ) is a directed set. For each
a={F,...,F,;x,,...,x,} in D we define w, = Zm(F;)f(x;). We will show
that {w,} is a Cauchy net in R and hence convergent. Indeed, let € > 0 be given.
We may assume, without loss of generality, that ||m|] < 1. For each x € X, let
Ve, ={ €X:1If(x) - f()Il <e}. Then V_ is a B-cozero set and hence in
Ba(Zgp):If W= {s €EE:|isll <€}, then ¥V, = f~1(f(x) + W). Since f(X) is
totally bounded, there are x,, . . ., x, in X such that f(X) C U =1 (f(x)) + W).
Thus X =UY, V. Let G; = in NG. Define G, =Gy and G, =Gppyq —
UfG,n=1,...,N~-1. Keeping those G; which are not empty we get a
Ba(Zy) partition {F,, ..., F,} of G with the property that || f(x) — f()Il < 2e
if x, y are in the same F;. Pick x; € F;and let oy ={F,, ..., F;;x;, ..., x,}.
If o), a, are in D with a, @, > g, then

Wa; = Wapl S Wy, = wogl + Wag = Wo, | < 2eIml(G) + 2¢Im|(G) < 4e

This proves that the net {w,} is a Cauchy net and hence convergent. We define
Jefdm =limw,. It can be shown easily that, for disjoint F, and F, in Ba(Z 3)
and G = F; U F,, we have [;fdm = fFl'fdm + szfdm. Moreover we have
the following easily established

LEMMA 4.3. (a) The map f — [;fdm is linear on A.

®) |Jofdm| < [ 1) IdImIe) < If1mI@) for all f€ A
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We similarly define integrals of functions in A with respect to members of

M, (Bo(X), E").

LEMMA 4.4. Let m be a bounded, real-valued, countably additive measure
on Ba(Zg). Then m € M(B).

Proor. We first show that for any B-zero set Z and any € > 0 there exists
a B-cozero set V, containing Z, such that |m|(2) > |m|(V) —e. Indeed,if Z isa
B-zero set, there exists £ = 0 in B such that Z = f~1{0}. For each positive inte-
ger n, we set V,, = {x:f(x) < 1/n}. Then V, is a B-cozero set and the sequence
{V,} decreases to Z. Since |m]| is countably additive, we have |m|(Z) =
lim |m|(V,,) which implies our claim. Thus every B-zero set belongs to the family
T of all subsets G of X with the following property: Given e > 0 there exist a
B-zero set Z and a B-cozero set V, with Z C G C V, such that Im|(V - Z) <e.
The family Z is a o-algebra which contains all B-zero sets and hence Ba(Zg) C Z.
This implies that m is regular with respect to the family of all B-zero sets. The
lemma is proved.

LEMMA 4.5. Let m € M, (Bo(X), E") and let y denote the restriction of m
to Ba(Zg). Then u €M (Ba(Zg),E"Yand [ofdm= [ fdu for each f € A.

PROOF. In view of the preceding lemma, the restriction mslg, 2 B) belongs
to M,(B) for all s € E. Now, it follows that K € M (Ba(Zg), E'). If we look at
the proof of the existence of f;fdu and f;fdm we can see that [ fdm and
Jgfdu coincide.

Integrals of functions in C, with respect to members of M, (Ba(Y), E") and
M, (Bo(Y), E'), are defined similarly.

LEMMA 4.6. If my, m, € M,(Bo(Y), E") are such that fyf dm, = fyf dm,
forall f € A, then my = m,.

ProoF. Let s €E. For each f € B, we have
fyfd(mls) = fyfs dm, = fyfs dmy = fyfd(mzs).
By the uniqueness part of the Riesz representation theorem, we have m;s = mys.

This, being true for all s € E, implies that m; = m,.
For a proof of the following theorem see Wells [25].

THEOREM 4.7. Let ¢ be a linear functional on C. Then ¢ is continuous
with respect 1o the umform norm topology iff there exists m € M_(Bo(Y), E"
such that ¢(f) I yf dm for all f € C. Moreover, ||¢ll = limll.

Ifm EM (Bo(Y), E) and my = mlBa(Y then m, € M (Ba(Y), E") and
f yf dm,= fo dm for all f € A. Furthermore, Ilmlll = IImII To prove the last
equality, consider the linear map ¢:C — R, ¢(f )=fy f dm = fl,fdml By 4.7
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we have [|¢]l = llmll. Also ligll < llm, Il since 16(F)| = I, fdm, | < U lim, .

Since [|mll = [Im ]I, it follows that ||¢]l = [Im, |l = [Imll. Moreover, the inequality

Im1(G) < |ml(G), together with |m, |(Y) = |mI(Y), implies that |m,| = |m| |g,(y)-.
Let now ¢ € A'. Define ¢ C — R, ¢(f) o(f). Clearly ¢€C Let

m= m¢ be the element of M,(Bo(Y), E") that corresponds to ¢> by Theorem 4.7.

LEMMA 4.8. For a Q € Q, the following are equivalent:
(l) ¢ € (Ar ﬁQ)"
Q) Iml@Q) =

ProoFr. (1) — (2). By regularity it suffices to show that m(G)s = 0 for
each closed set G in Y contained in Q and each s € E, |Is]] < 1. So, let G be such
a set and s € E with ||s|| < 1. There exists an open set O in Y containing G and
such that |ms|(0 — G) < e (e > 0 arbitrary). Since ¢ is BQ~continuous, there ex-
ist g € BQ and K > 0 such that |¢(f)]| <K for all f € A with |lgfl] < 1. Choose
n >0 so that K/n <e. Set

0, =(x€Y:Ig(x)I<1/n} and 0, =0, NO.

Cleatly G C 0, and |ms O, ~ G)<e. Choose h€EB, 0<h<1,h=10nG
and 4 = 0 on the complement of 0,. Let f=nhs. Since ||lgfll <1, we have
lo(rs)| < K/n <e. But

o (hs)| = |m(F)s+ foz_cﬁsdml > |m(F)s| - e.

Thus |m(G)s| < 2e which proves that m(G)s = 0 and (2) follows.

(2) — (1). Suppose that [m|(Q) = 0 and let r > 0. Choose an open set V'
in ¥ with |m|(V) <1/(2),Q C V. There exists g € B, such that £ = 1 on the
complement of V. Set W= {f€ A :|lgfll <1/2(lml|}. Then W N U, C H where
H={f€A:1¢(f)I<1} and U, = {f€A:|Ifll <r}. This shows that His a
BQ-neighborhood of zero and hence ¢ is ﬁQ-continuous.

THEOREM 4.9. Let ¢ € A’ and let m € M (Bo(Y), E") be such that ¢(f) =
fyfdm foral f€EA. Then:

(1) ¢ €A, B) iff Iml(Q) =0 forall Q € Q.

(2 ¢€MU B iff Iml(@)=0forall ZE Q,.

Proor. It follows from the preceding lemma and from the fact that ¢ is
B-continuous iff ¢ is BQ-continuous for all Q €2, and ¢ is B, -continuous iff ¢
is ﬁQ-continuous forall Q€ Q,.

Let now 1 € M,(Bo(Y), E") be such that |7|(Q) = 0 for all Q € Q. By
the regularity of |7il, we have [1#|(G) = 0 for each Borel set G in Y disjoint from
X. Define m : Bo(X) — E' by m(G N X) = m(G) for each G in Bo(Y). This
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gives us a well-defined function on Bo(X). The proof of the following is straight-
forward and we omit it.

LEMMA 4.10. (1) m € M, (Bo(X), E").
() Iml(G N X) = |1l(G) for each G in Bo(Y).
() [xfdm = [ fdm forall f € A.

Similarly, if /%, € M,(Ba(Y), E") is such that |7%,|(Z) = 0 for each Z € Q,
then the function m, : Ba(Zg) — E,m(@GnNnX)= r‘;zl(G) for all G € Ba(Y), is
well defined and the following is true.

Lemma 4.11. (1) m, € M (Ba(Zp), E").
@ ImlGnX)= lmll(G) for each G in Ba(Y).
Q3) Sxfdm, -—fodml for each f € A.

An element ¢ of the uniform dual B’ of B is called 7-additive iff ¢(f,) — 0
for each net {f,} in B which decreases pointwise to zero. Let L,(B) denote the
collection of all 7-additive members of B.

LEMMA 4.12. The map m — ¢ defined by the formula $(f) = [f dm for
all f € B establishes an isomorphism between the spaces M, (X) and L (B).

PrOOF. By LeCam [16, p. 214], every r-additive member of B’ has a
unique extension to a 7-additive functional on the space CP(X) of all bounded
continuous real-valued functions on X. By Varandarajan [24] and by Kirk [13,
Theorem 1.12], the space of 7-additive functionals on C®(X) is isomorphic to the
space M, (X) via the isomorphism m — ¢, ¢(f) = [fdm for all f € C®(X). Hence
the result follows.

LEMMA 4.13. Let m € M_(X). Define m on Bo(Y) by m(G) = m(G N X).
Then m € Bo(Y).

Proor. By (4. 12) the linear functional ¢, defined on B by o(f) = Jfdm,
1s r-additive. Define ¢ on the space C(Y) = { f fE€ B} by ¢(f ) = ¢(f). Then
¢ is in the uniform dual of C(Y). By the Riesz representation theorem there ex-
ists u € M_(Y) such that 5(}" )=/ f du for all f € B. By an argument similar to
that employed by Knowles [14, Theorem 2.4], we show that |u|(G) = O for each
Borel subset G of Y which is disjoint from X. Define m, on Bo(X) by
m(G N X)=u(G) forall G € Bo(Y) It is easy to see that m, is a well-defined
element of M (X) and [ fdm = fyfdu ¢(f) = [xfdm for all fEB. By
4.12 we have m = m,. Since for G € Bo(Y), u(G) =m,(G N X) = m(G N X),
it follows that 7= u € M,(Y). This completes the proof.

LEMMA 4.14. If m and m, are both in M (B) and if [f dm = ffdm, for
all f € B, then m = m,.
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PROOF. Let Z be a B-zero set. There exists a sequence {f,,} in B which
decreases pointwise to the characteristic function x, = g of Z. Thus

m(2) = fgdm = limff,, dm = limff,, dm, = m,(2).
The result now follows from the regularity of m and m, .

LEmMMA 4.15. Let m € M (B). Define m on Ba(Y) by m(G) = m(G N X)
for all G € Ba(Y). Then m € M (Y).

ProOOF. Let u € M (Y) be such that fyfdu fxfdm forall f€EB. Let

= klga(y)- Then u; € M(Y) and [yfdm = fl,fdul for all f € B. Since
the functional f — ff dm is ¢-additive on B (i.e. [f,, dm —> 0 for each sequence
{f,} in B which decreases pointwise to zero) it follows, as in the proof of Theo-
rem 2.1 of Knowles [14], that |u,|(G) = 0 for each Baire set G in Y which is
disjoint from X. Define m, : Ba(Zg) — R, m;(G N X) = p,(F) for each Baire
set Gin Y. Then m, is a well-defined member of M_(B) and [f dm, = |, f du, =
Jfdm for all f € B. By Lemma 4.14 we have m; = p,. Thus m = pu, € M_(Y).

Now using 4.13 and 4.15 we easily get the following result.

LeMMA 4.16. Let m € M, (Bo(X), E") and m; € M (Ba(Zy), E"). Define
 and i, on Bo(Y), respectively, by m (Q) = m(Q N X), #,(G) = m,(G N X).
Then:

(1) €M, (Bo(Y), E") and i, € M, (Ba(Y), E").

(2) 171(Q) = ImI(@ N X) for all Q € Bo(Y), and |, 1(Q) = |m,|(G N X)
for all G € Ba(Y).

@) Sxfdm = [yfdifi and [yfdm, = [yfdit, for all f € A,

LEMMA 4.17. Every m € M (Ba(Y), E") has a unique extension to a u in
M,(Ba(Y), E').

ProoOF. Define ¢ on C by ¢(f )= f,yf dm Then ¢ €C'. By 4.7 there
exists a unique u in M,(Bo(Y), E") such that ¢(f) ffdu for all fE A, Let

= tlpa(y) We will show that Ky =m. Indeed, let sEE. Then Kys and ms
are both in M (Y). Moreover ff d(ms) = ffs dm = ffsdul f Jf d(u,s) for all
f € B. 1t follows that ms = ;s for all s € E and hence m = K. Since u €
M,(Bo(Y), E") the result follows.

Combining Lemmas 4.6, 4.17 and 4.16 we get

LeMMA 4.18. If my, m, € M (Bo(X), E") [m,, m, € M (Ba(Zp), E")]
are such that [yfdm, = [yfdm, for all f € A, then m; = m,.

We are now in a position to identify the dual spaces of (4, ), (4, 8,) and
(A’ BF)'
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THEOREM 4.19. Let ¢ € A'. Then:

(1) ¢ is B-continuous iff there exists m € M, (Bo(X), E') such that [f dm =
o(f) forall fE A.

(2) ¢ is B,-continuous iff there exists m € M,(Ba(Zg), E") such that
o(f) = [fdm for all f € A.

Furthermore, the m that corresponds to a (-continuous (B,-continuous)
member ¢ of A' is unique and ||¢]| = |lm]|.

PROOF. (1) Suppose that ¢ is f-continuous. Let /7 be the element of
M, (Bo(Y), E") with the property that ¢(f) = J; f difi for all f € A. Define m on
Bo(X) by m(G NX) = m(G) for all G € Bo(Y). This gives us an element m of
M, (Bo(X), E') by 4.9 and 4.10. Moreover, by 4.10, fxfdm = [yf di= $(f)
for all fE A. Also ||¢ll = |l7ll = [Imll. Conversely, let m € M (Bo(X), E ") be
such that ¢(f) = ffdm for all f € A. Define i on Bo(Y) by m(G) = m(G N X).
By 4.16, we have m € M, (Bo(Y), E'yand [yfdm = fyfdrﬁ for all f € A. Since
171(Q) = Im|(Q N X) = 0 for all Q € Q, we have ¢ € (4, f)' by 4.9. Finally
the uniqueness of m follows from 4.18.

(2) The proof is similar to that of (1).

THEOREM 4.20. For a ¢ € A' the following are equivalent:
(1) $E€ M, Be).
(2) There exists m € M,(Bo(X), E") such that

@) o()=[fdm forall fEA,

(b) given € > 0 there exists G € F with |m|(X — G) <e.

PROOF. (2) — (1). Let € > 0 be given. Choose G in F with |[m|(X — G)
< €/2. Let § >0 be such that 28|Iml|l <e. If fE€ A4, Ifll <1, lIfllg <8, then

8¢l < |fodm| + UX_Gfdml <5ImlG) + Iml(X - G)<e

Hence ¢ € (4, B)' by 3.7.
(1) = (2). Since Br < B, we have ¢ € (4, f). Hence there exists m €

M, (Bo(X), E ") such that ¢(f) = ffdm for all f in A. Define m on Bo(Y) by
M(G) = m(G N X). By 4.16, m € M,(Bo(Y), E"). Let € >0 be given. By 3.7
there exist G in F and § > 0 such that |¢(f)| <e; = ¢/3 for all fin W =
{h€A:|nl <1,|nll; <8} By the definition of || there exist a partition
F,,...,F, of Y -G, into Borel sets, and s; € E, with [Is;]| <1, such that
h(F)s; > |ml(Y — G) — €, = Im|(X = G) — ¢,. There are closed sets G; in
Y, G; C F;, such that ZM(G,)s; > Im|(X — G) — €,. Choose pairwise disjoint

open sets ¥, 1 <i<n, G, CV;CY -G, such that Z |/ |(V; - Gi)<€1 For
each i, 1 <i<n, choose h;in B, 0 <h;<1, hi— 1 on G; andh,-'Oon
Y-V, Letf=Zh;s;. ThenfEW and hence |¢(f)l <e€,. Since
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SN<Zfosam + Zf, o fah>ThGs - e > ImlX-6) -2,

it follows that [m|(X — G) < 3¢, = €. The theorem is proved.

DEFINITION. A subset M, of M,(Bo(X), E') is called F-tight if M is norm
bounded and given € > 0 there exists G in F with [m|(X — G) <€ for all m
in M.

LEMMA 4.21. Let ¢ € (A4, )’ and let m be the corresponding element of
M_(Bo(X), E"). Let GE Fand € >0. The following are equivalent:

1) ImEX-6)<e

(2) Forall f€ A with |fll <1and |fllg =0 we have |$(f)| <e.

We omit the proof of this lemma since we can use an argument similar to
that used in the implication (1) — (2) of Theorem 4.20.

For H C Li(A), let My = {m,:¢ € H} C M, (Bo(X), E ") where m is the
measure that corresponds to ¢.

THEOREM 4.22. For H C L(A) the following are equivalent:
(1) H is Bg-equicontinuous.
(2) (a) H is norm bounded.
(b) Given € > 0 there exists G € F such that |¢(f)| <eforal p€EH
andallfEA with |flII<land f=00nG.
(3) My is F-tight.

Proor. By 4.21, (2) and (3) are equivalent.

(1) = (2). (a) The set U; = {f € A:[Ifl <1} is norm bounded and
hence f-bounded. Since H® (= polar of H with respect to the pair (L (4), 4)) is
a -neighborhood of zero there exists K > 0 such that U; C KH®. It follows
that ||¢|l < K for all ¢ in H.

(b) Let e >0 be given. Since eHP is a f-neighborhood of zero there
exist Gin Fand § >0 such that W= {f€A4:|Ifl <1, Ifllg <8} C eH®. Thus
(b) follows.

(3) = (1). Letd =sup{ilmyli:¢ € H} = sup{limyll: ¢ € H}. Given
r >0 there exists G € F such that |my|(X — F)<1/(2) forall¢ €H. If V =
{feA:flg <1/2d)}, then V N U, C H®, where U, = {f € A: || f|| <r}. This
shows that H® is a B-neighborhood of zero and this completes the proof.

5. In this section we will assume that E is a Banach lattice. We write
f=giff f(x) = g(x) for all x € X. Since the lattice operations are continuous,
it is easy to verify that 4, under the relation =, is a Banach lattice where for f, g
in A we have

FA &) =1(x) A gx),
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(Fvea)x) =fx)Vvekx), and Ifi(x)=If(x)

for all x € X. For a ¢ € A’ the ¢, ¢~, |4| are the elements of A’ which are
defined on positive f € 4 by

¢t (f) = sup{p@):0<g<fl,
¢~ () =—inf{p():0<g<fl},
161N = sup{lo()!:lgl < f}.

THEOREM 5.1. Each of the spaces (A4, B), (4, B,) and (4, Bg) is locally
solid.

PROOF. Let W be a convex balanced f-neighborhood of zero. For each
0 € Q there exists go GBQ such that VQ ={fe€eAd: |Ing[| <1} CW. Each
VQ is clearly solid. Hence the set V = U{VQ :Q € Q} is solid. By Peressini
[18, p. 161], the convex balanced hull ¥, of V is solid. Since ¥V C W, the re-
sult follows for (4, B). The proof for (4, B,) is similar. For the (4, fz) we ob-
serve that the class of sets of the form ﬂ,i';l {red:lflg ; <g;}, where 0 <g;
— e and G; € F, consists of solid sets and is a f-base at zero.

DEFINITIONS. For a net {f,} in A4, we say that it decreases to zero, and
write f, 4 0, if for each x € X we have limf,(x) = 0 and 0 <f,(x) <f,(x)
whenever a = y. An element ¢ of 4’ is called r-additive if ¢(f,) — O whenever
f, 4 0. We will say that ¢ is o-additive if ¢(f,,) —> O for each sequence {f,} in
A which decreases to zero. The set of all g-additive (r-additive) members of 4’
will be denoted by L (4) (L,(4)).

THEOREM 5.2. Each of the dual spaces (4, B), (4, ;) and (A4, Bz)
forms a linear lattice ideal in the Riesz space A'.

PROOF. This follows easily from the fact that the spaces (4, ), (4, 8;)
and (4, ) are locally solid.

THEOREM 5.3. The dual space of the space (A, P) is the space L_(A).

PROOF. Let ¢ €4’ and let m € M,(Bo(Y), E') be such that ¢(f) = Jf dm
for all f € A. Suppose ¢ is f-continuous and let f,, ¥ 0. We want to show that
¢(f,) — 0. Without loss of generality we may assume that |If, Il <1 for all c.
Let € >0. For each a, set Z, = {x € Y:[|f,)Il > €}. Then Z, 4 0 =MN2Z,,.
Since Q € Q we have |m|(Q) = 0 by 49. Since |m|(Z,) — |m|(Q) = 0, there
exists & such that |m|(Z,) < e for all & > . Now, for @ > @, we have

lo(f)l < Ifz fdmI + Uy-zafdm|
< |ml(Z,) + ellmll < e(1 + lIml)).
This shows that ¢(f,) — 0 and ¢ is T-additive.
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Conversely, assume that ¢ is r-additive. Let Qin Q and 0 <s €E, ||s|| <1.
Choose an open set O in Y, Q C 0, such that Im|(0-0)< £ (e > 0 arbitrary).
The collection D = {hs:h €B,0<h <1, h=1 onQandh OonY-0}is
downwards directed to zero. Hence there exists As in D such that |¢(hs)| < e.
But

lo(hs)| > |stdm| - |fo_Qiis dm| > Im(Q)s] - Im|(0 - @) > Im(Q)s| - .

Hence |m(Q)s| < 2e. This proves that m(Q)s = 0 for each Q in  and each
SEE, sl <1,s>0. Since E is a lattice, we have m(Q)s = 0 for all s EE,
Now the regularity of ms and 4.9 complete the proof.

THEOREM 5.4. The dual of the space (4, B,) is the space L,(4).

PROOF. Let ¢ € 4’ and m € M, (Bo(Y), E") be such that ¢(f) = [yf dm
for all fin A. Assume that ¢ is B,-continuous and let {f,} be a sequence in 4
that decreases to zero, We want to show that #(f,,) — 0. We may assume with-
out loss of generality that ||f, || <1 for all n. Let e > 0 and set Z,={x€Y:
17,,Ce) 11 > €}. Then Z, ¢ nz =Zand Z€ Q,. Since lim|m|(Z,) = |m|(Z)
= 0, there exists ng such that [m|(Z,) <eif n> > = n,. Now, if n > ng, we have

00D < | [y, Fadm| + | [,_, Fam|<e+elml.

This proves that #(f,) — 0 and hence ¢ is o-additive. Conversely, assume ¢ €
Ly(A). Let Zbein Q; and s €E with s > 0 and |Is|| < 1. Given e > 0 there
exists a cozero set ¥ containing Z such that [m|(V -Z)<e. Letg€B,0<g
<1, be such that Z = g~ 1{0}. For each posmve integern,let V, = {x € Y:

£x)<1iminv. Choose 1, €B,0<h, <1, h =lonZandh=0onY -
V,. Let h =h, Aeee A h and set f,, = hns Then f,, ¥ 0. Hence there ex-
ists n such that |¢(f,)| <e. But

60,015 | [,y onl - f,_fam
= m2)s| = Im|(V = Z) = |m(Z)s| —e.

Thus [m(Z)s|<2e . This proves that m(Z)s = 0. From this it follows that
m(Z)s = 0 for each s €EF and all Z in 2,. Now the result follows from the
regularity of ms IBa(Y) and from 4.9.

THEOREM §.5. Let 7 be a locally convex Hausdorff topology on A for
which the positive cone is normal. Then the following assertions are equivalent:

(1) (@, 1) CL ().

Q If fm~ 1 0, then f, — 0 in the 7-topology.
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ProOF. It is clear that (2) implies (1).

(1) — (2). By Schaefer [10, p. 219], 7 is the topology of uniform con-
vergence on the r-equicontinuous subsets of (4, 7)'t ={¢ € (4, 7)': ¢ > 0}.
Suppose now that f, | 0 and let ¥ be a 7-neighborhood of zero. There exists a
r-equicontinuous subset H of (4, 7)'* such that H® C V. The set H is relatively
weakly compact. Every f,, defines a weakly continuous linear functional on
A, 1) by ¢ — W,(f) = ¢(f,). If ¢ € H, then W,(¢) ¥ 0. Hence W, — 0 uni-
formly on H by Dini’s theorem. It follows that there exists &, such that f, €
H® C V for all @ > a. This proves that fJ — 0 and the proof is complete.

We have an analogous theorem for L (A) with a similar proof.

THEOREM 5.6. Let T be a locally convex Hausdorff topology on A for
which the positive cone is normal. The following are equivalent:

(1) The space (A, 1) is contained in L i(A).

(?) f, {0 implies that f, — 0 in the 7-topology.

COROLLARY 5.7. (1) f,, V O implies that f,, — O in the B,-topology.
(2) f, V0 implies that f, — O in the -topology.

THEOREM 5.8. Let 7 be any one of the topologies B, By, Bp. If Wisa
-neighborhood of zero, then each of the sets H; = {¢* :0 € WO}, H,={¢":
¢ € WO}, and H, = {|¢|: ¢ € W°} is r-equicontinuous, where W® is the polar of
Win (4, 7).

PRrOOF. Since (4, 7) is locally solid, 7 is the topology of uniform conver-
gence on the 7-equicontinuous subsets of (4, 7)'*. Let W, be a solid 7-neighbor-
hood of zero contained in W and let H be a r-equicontinuous subset of (4, 't
with H® C W,. Let f€ H® and ¢ € W) C H®?. Since W, is solid we have

lo* (NI < ¢t (Ifl) =sup{p(M):0<h<If} <L

Thus ¢* € H®®. This shows that H, C H°°. Similarly H,, H; C H®® and the
theorem is proved.

Throughout the remaining part of this paper E will be assumed to be a
Banach lattice with a unit element e (e has the property that — e <s <e iff
sl < 1).

THEOREM 5.9. (1) Every weakly compact subset of L: (A) is B,-equicon-
tinuous.

(2) Every weakly compact subset of L:‘ (A) is p-equicontinuous.

(3) B is the topology of uniform convergence on the weakly compact sub-
sets of L:' A).

(4) B, is the topology of uniform convergence on the weakly compact sub-
sets of L'a"(A).
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Proor. (1) Let HC L;’(A) be weakly compact. The set H? is convex,
balanced and absorbent. Let r > 0. Set a = sup{|l¢ll : ¢ € H} and let Z be
in Q,. There exists f€EB, 0<f<1,Z= f =1{0}. For each positive inte-
gernm put Z, = {x € Y : f(x) = 1/n}. Choose 8, €B0<g,<1,§,=1
on Z and §n =0onZ, Leth,=g, A**Ag, Then he ! 0 and hence
#(h,e) 4 0 for each ¢ in H. By Dini’s theorem, ¢ (%,e) — O uniformly on H.
Hence there exists n such that ¢ (h,e) <1/(2)forall g EH. Letg=1-h,
and set V={h €A:lghll <1/()}. If h € V N U,, then h,|hl < rh,e.
Hence for h € V N U, and ¢ € H we have

lom)| < o(lhlg) + o(rylnl) <lioll lighll + ré (h,e) <a(l/2)) +r(1/2))=1.

This shows that ¥ N U, C HP. Since this happens for all 7 > 0 and all Z €
Q, we conclude that H® is a 8, -neighborhood of zero.

(2) LetQE€EQ. Theset D={g€B:0<g<1,§=1o0nQ} is
directed downwards to zero. From here on the proof is similar to that of (1).

(3 If H C L}(A) is weakly compact, then H® is a f-neighborhood of
zero by (2). Conversely, let W be a -neighborhood of zero. Since f is locally
solid there exists a f-equicontinuous subset H of L;" (4) such that H* C wW. If
H, is the weak closure of H in L_(4), then H; C L;" (4) and H, is weakly
compact. Moreover Hl° C H® C W. This proves (3).

(4) The proof is similar to that of (3).

CoRrOLLARY 5.10. B = B, iff L (4) = L,(A).

Using Dini’s theorem and the Alaoglu-Bourbaki theorem (see Kothe [14,
p. 248] ) we can easily show the following

THEOREM 5.11. (1) A4 subset H of L} (A) is o(L,(A), A) relatively com-
pact iff ¢(f,) — O uniformly on H for each net {f,} in A that decreases to
zero.

(2) A subset H of L;’(A) is 0(L,(A), A) relatively compact iff ¢(f,)
— 0 uniformly on H whenever f, { 0.

COROLLARY 5.12. Let H C L. (A) (H C L (A)). The following are
equivalent:

(1) {¢* : ¢ € H} and {¢~ : ¢ € H are both weakly relatively compact
in L .(A) (in L,(A)).

(@ {l¢|:¢ € H} is weakly relatively compact in L,(A) (in L,(4)).

THEOREM 5.13. The following are equivalent:

(1) (4, B) is a Mackey space.

(2) IfHis a convex, balanced, weakly compact subset of L_(A), then
{lg|: ¢ € H} is weakly relatively compact in L_(A).
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(3) If H is a convex, balanced, weakly compact subset of L (A), then {o*:
¢ € H} and {¢™: ¢ € H} are both weakly relatively compact in L (A).

Proor. By 5.12, (2) is equivalent to (3).

(1) = (3). Let H be a weakly compact, convex, balanced subset of L_(4).
By hypothesis H° is a f-neighborhood of zero. By 5.8 the sets ¥, = {¢* :
¢ € H°®} and V,={¢":¢0E€EH 003 are weakly relatively compact in L.(4).
Since H C H°?, (3) follows.

(3) — (1). Let H be a convex balanced weakly compact subset of L_(4).
By hypothesis and 5.9, the sets H; = {¢* :¢ € H} and H, ={¢~ :¢ €EH} are
B-equicontinuous. Since H® D % (H? N H2°), it follows that H is f-equicontinu-
ous. Hence f is finer than the Mackey topology m(d4; L,(4)). Thus § =
m(4, L,(A)) since (4, B) = L,(4). This completes the proof.

We have an analogous theorem for the pair {4, L (A4)}and the topology
By. The proof is similar.
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